ABSTRACT We present an asymmetric controlled bidirectional remote preparation scheme under the control of Charlie, where Alice transmits an arbitrary single-qubit equatorial state to Bob and Bob transmits an arbitrary three-qubit equatorial state to Alice. First, the quantum channel is constructed by using Hadamard (H) and CNOT operations. Second, we consider our scheme in the noiseless environment and construct the appropriate measurement bases. In addition, the participants can recover the prepared states through implementing the corresponding recovery operations determinately. Third, we discuss our scheme in five types of noisy environments (amplitude-damping, phase-damping, bit-flip, phase-flip, and depolarizing noisy environment). The fidelities of the output states are calculated, which depend on the coefficients of the prepared states and the decoherence rates. Finally, some discussions and conclusions are given. Compared with previous schemes, our scheme does not need additional operations or auxiliary qubits. So it is slightly more efficient.
I. INTRODUCTION
Quantum entanglement is very crucial in quantum cryptography, and there are many applications of entanglement in quantum communication schemes, including quantum secure direct communication [1] , quantum secret sharing [2] , quantum teleportation [3] , [4] and remote state preparation (RSP) [5] , [6] . RSP is the teleportation of a known state. That is, as a sender, Alice can prepare a known state for Bob who is a remote receiver through a pre-shared quantum channel and appropriate measurements. Until now, many various schemes spring up, such as deterministic RSP [7] , [8] , joint RSP [9] - [11] and controlled RSP (CRSP) [12] , [13] . In CRSP scheme, some researchers also pay attention to the related research of controller's power [14] while introducing the controller. After that, some variants of quantum teleportation and RSP schemes were presented: bidirectional teleportation [15] , [16] , hierarchical RSP [17] and controlled bidirectional RSP (CBRSP) [18] - [30] , for example. There are also some related quantum communication schemes that have been experimentally implemented [31] - [34] . In this paper, we focus on the study of CBRSP.
In 2014, Cao and Nguyen [18] presented the first CBRSP scheme, where Alice and Bob can transmit their single-qubit state to each other simultaneously by using local operations and classical communications. Then, Sharma et al. 19] proposed three CBRSP schemes, which severally were probabilistic, deterministic and joint. By using eight-qubit entangled state as the quantum channel, a five-party joint CBRSP scheme was given by Peng et al. 20] in 2015. Similarly, in 2017, another five-party joint CBRSP scheme is proposed by Wang and Mo [21] via a seven-qubit entangled state as the quantum channel. In 2016, Zhang et al. [22] , [23] proposed two joint CBRSP schemes via the non-maximally and maximally six-qubit entangled state as the quantum channel, respectively.
These CBRSP schemes are symmetrical, in which the senders can prepare single-qubit state to each other simultaneously by using various entangled states as the quantum channel. There are some different types of schemes. In 2017, Sang [24] presented a bidirectional controlled quantum information transmission scheme. An arbitrary unknown single-qubit state was teleported and n arbitrary known single-qubit state was prepared. A controlled bidirectional hybrid of RSP and quantum teleportation scheme was proposed by Wu et al. [25] in 2018.
Several asymmetric CBRSP (ACBRSP) schemes were also given. For example, in 2017, Sang and Nie [26] gave an asymmetric scheme, in which an unknown single-particle state was teleported and an known two-qubit state was prepared at the same time. Song et al. [27] presented a symmetric bidirectional RSP scheme, where two single-qubit state could be exchanged simultaneously. They also presented an asymmetric bidirectional RSP scheme, where the preparation of a single-qubit state and an arbitrary two-qubit state was investigated. An ACBRSP scheme was proposed by Ma et al. [28] , where research the preparation of an arbitrary four-qubit cluster-type state and a single-qubit state. In 2018, Fang and Jiang [29] put forward a scheme for bidirectional and hybrid quantum information transmission. An arbitrary single-qubit state (two-qubit state) can be teleported to Bob and a known two-qubit state(single-qubit state) can be prepared to Alice at the same time.
In the above schemes, many of them need the additional operations and auxiliary qubits to complete the bidirectional preparation task [27] - [29] . Moreover, the multi-qubit state prepared by some schemes is only a special form, not arbitrary. Furthermore, they do not give the process of the construction of the quantum channel. In actual communication, noise is a necessary factor to be considered. However, only the scheme [19] was considered in noisy environment. In 2017, by using thirteen-qubit entangled state, Chen et al. [30] presented a symmetric CBRSP scheme. In their scheme, Alice and Bob transferred an arbitrary threequbit state to each other simultaneously. And that, they discussed the scheme in four types of noisy environment.
In this paper, we come up with a novel asymmetric controlled bidirectional remote preparation scheme, where Alice can transmit an arbitrary single-qubit equatorial state to Bob and Bob can transmit an arbitrary three-qubit equatorial state to Alice with the control of Charlie, respectively. To our best of our knowledge, it is the first work to do this. Firstly, in our scheme, we construct the nine-qubit entangled state as the quantum channel by using H and CNOT operations [35] . And the circuit diagram of the construction is also given. Secondly, in the noiseless environment, the appropriate measurement bases are structured. And then, the receivers can recover the prepared state through executing the corresponding recovery operations with 100% success probability. Thirdly, our scheme is discussed in five types of noisy environments (amplitude-damping, phase-damping, bit-flip, phase-flip and depolarizing noisy environment). We calculate the fidelities of the output states, which depend on the coefficients of the prepared state and the decoherence rate. Finally, some discussions with other schemes are described. Our scheme need no additional operations and auxiliary qubits. Moreover, the prepared states are the arbitrary single-and three-qubit state. Therefore, the efficiency of our scheme is relatively higher.
The paper is organized as follows: We firstly construct the quantum channel in Sec. 2. Our scheme is presented in the noiseless environment and the appropriate measurement bases are structured in Sec. 3. In Sec. 4, we discuss the scheme in five types of noisy environments (amplitude-damping, phase-damping, bit-flip, phase-flip and depolarizing noisy environment). Some discussions and conclusions are given in Sec. 5.
II. THE CONSTRUCTION OF THE QUANTUM CHANNEL
In our ACBRSP scheme, we can prepare an arbitrary singleand three-qubit equatorial state by using nine-qubit entangled state as the quantum channel. In this section, we will give the process of the construction of the quantum channel [35] .
We use the nine-qubit product state |ϕ 0 as an input state, where
By using H and CNOT operations, we construct the quantum channel as follows. 1) We perform H operation on qubit 9. |ϕ 0 is transformed to |ϕ 1 .
2) We operate CNOT operations on the qubit pairs (9, 1), (9, 3) , (9, 5) , (9, 7) , respectively, where qubit 9 is used as controlled qubit and each of four qubits 1, 3, 5, 7 as target qubit. After that, |ϕ 1 is transformed to |ϕ 2 .
3) After sending the qubit 1, 3, 5, 7 through the H operation, we execute CNOT operations on the qubit pairs (1, 2), (3, 4) , (5, 6) , (7, 8) , respectively, where qubits 1, 3, 5, 7 are used as controlled qubit and each of four qubits 2, 4, 6, 8 as target qubit. The quantum channel can be constructed as
where
(|00 − |11 ). The construction circuit of the quantum channel is shown in Fig. 1 .
Although the generation and maintenance of the multiqubit entangled state is a difficult task, some experiments [36] - [39] have been carried out to study the multi-qubit entangled state. Therefore, we believe that in the future, advanced technology can make this task no longer difficult. The bidirectional transmission task can be performed by using the controlled bidirectional teleportation and preparation scheme. It is shown that the task can be performed with only Bell states [44] . However, we focus on the study of controlled bidirectional remote state preparation. That is, the controller is needed in our scheme. Here, we use this nine-qubit entangled state as the quantum channel to accomplish the bidirectional preparation of single-and three-qubit states.
III. THE ACBRSP SCHEME IN THE NOISELESS ENVIRONMENT
In this section, we present a novel ACBRSP scheme of single-and three-qubit equatorial state. In our scheme, with the control of Charlie, Alice wants to prepare an arbitrary single-qubit equatorial state for Bob and Bob wants to prepare an arbitrary three-qubit equatorial state for Alice. Charlie will construct the nine-qubit entangled state as the quantum channel. Through the appropriate measurements and the corresponding recovery operations, Alice and Bob can complete the task of preparing state for each other. The scheme is given detailed. 1) They pre-share nine-qubit entangled state |ϕ 123456789 as the quantum channel, which can be expressed by Eq. (4). The qubits 1, 3, 5, 7 belong to Alice, the qubits 2, 4, 6, 8 belong to Bob and the qubit 9 belongs to Charlie. Alice wants to prepare an arbitrary single-qubit equatorial state |ψ 1 for Bob, where 
2) Alice carries out single-qubit measurement on her own qubit 1 by using the measurement basis (|A 0 , |A 1 ), where
Bob implements three-qubit measurement on his own qubits 4, 6, 8 via the measurement basis (|B 0 , |B 1 , |B 2 , |B 3 , |B 4 , |B 5 , |B 6 , |B 7 ) as follow:
where B's value is shown in the equation at the bottom of this page, and b j = e −iδ j , j = 1, 2, . . . , 7.
We rewrite the Eq. (4) as follow: 
Where
− e iδ 7 |111 )
−ie iδ 6 |110 + e π1/4 e iδ 7 |111 ) 
−e iδ 4 |100 + e iδ 5 |101 + e iδ 6 |110 − e iδ 7 |111 ) Table. 1. Our scheme comes true with the success probability100%.
Here, MR is short for the measurement results and the U 3 ⊗ U 5 ⊗ U 7 , U 2 are the recovery operations of Alice and Bob, respectively. I, X, Y, Z are the Pauli matrix and
IV. THE ACBRSP SCHEME IN NOISY ENVIRONMENT
In actual communication, it is impossible to have a noiseless environment. Many researchers considered the effect of some types of noises (e.g. amplitude-damping noise, phasedamping noise) [7] , [19] , [30] , [40] , [43] . In this section, we analyze our scheme in five types of noisy environments, including amplitude-damping, phase-damping, bit-flip, phase-flip, and depolarizing noisy environment. We give the output states in the noisy environment. And the fidelities of the output state are calculated. In our scheme, Charlie generates the quantum channel |ϕ 123456789 and holds the qubit 9 in his hands. Then, he transmits the qubits 1, 3, 5, 7 to Alice via the channel A and transmits the qubits 2, 4, 6, 8 to Bob via the channel B. Since the qubit 9 is not transmitted through the noisy environment, so it is not affected by the noise. And here, we discuss the situation that the channel A and B are in the same noisy environment. Therefore, the qubits 1, 3, 5, 7 (2, 4, 6, 8) 
Bob measures his qubits 4, 6, 8 via the measurement operator NB. After that, ρ MA l becomes
Alice's and Bob's measurement results are MA l , NB m . They send their measurement results to others. Then, Charlie measures his qubit 9 by using the measurement operators MC. ρ NB m will become
Alice and Bob can obtain the desired states by implementing the recovery operations U A lmt and U B lmt on qubits 3, 5, 7 and 2, respectively. The recovery operations can be found in Table. 1. The output state is
In the following discussions, we assume that Alice's, Bob's and Charlie's measurement results are MA 0 = |A 0 A 0 |, NB 0 = |B 0 B 0 | and MC 0 = |0 0|, respectively.
A. AMPLITUDE-DAMPING NOISY ENVIRONMENT
The Kraus operators [41] of amplitude-damping noise are
where p 1 is the decoherence rate. It is the probability of missing a photon. Because of the interaction with this noisy environment, a system undergoes energy dissipation. After the qubits 1, 3, 5, 7 (2, 4, 6, 8) are transmitted through the amplitude-damping noisy environment, we rewrite the density matrix ρ as
In the noisy environment, Alice and Bob implement the measurement on qubit 1 and 4, 6, 8, respectively.
We calculate the output state (ρ out1 ) 2357 
When we consider our scheme in a noiseless environment, the final state would be | = |ψ 1 2 ⊗ |ψ 3 357 . In the noisy environment, we can calculate the fidelity of the output state as F 1 = |ρ out1 | . Fidelity is a distance based measure corresponding to the closeness of two quantum states. When passing through the noisy environment, the information of the state will be lost, so by calculating the fidelity [see (17) , as shown at the bottom of this page] is an indirect description of how much information is lost.
B. PHASE-DAMPING NOISY ENVIRONMENT
In the noisy environment, the phase-damping describes the loss of information about relative phase in the quantum state. The Kraus operators [41] of the noise are
where p 2 is the decoherence rate.
After the qubits 1, 3, 5, 7 (2, 4, 6, 8) are transmitted through the phase-damping noisy environment, we rewrite the density matrix ρ as
where 
And the fidelity of the output state can be calculated as F = |ρ out2 | .
C. BIT-FLIP NOISY ENVIRONMENT
The bit-flip noise generates a bit-flip error with the probability p 3 . The Kraus operators [41] are given by
After the qubits 1, 3, 5, 7 (2, 4, 6, 8) are transmitted through the bit-flip noisy environment, we rewrite the density matrix ρ as
In 
And the fidelity of the output state can be calculated as F 3 = |ρ out3 | .
D. PHASE-FLIP NOISY ENVIRONMENT
The Kraus operators [41] of the noise are
where p 4 is the decoherence rate. In this noisy environment, the relative phase will flip with the probability p 4 and is left invariant with the probability 1 − p 4 . After the qubits 1, 3, 5, 7 (2, 4, 6, 8) are transmitted through the phase-flip noisy environment, we rewrite the density matrix ρ as
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In phase-flip noisy environment, the output state (ρ out4 ) 2357 
And we calculate the fidelity of the output state as F 4 = |ρ out4 | .
E. DEPOLARIZING NOISY ENVIRONMENT
In depolarizing noisy environment, the system is left invariant with the probability 1 − p 5 , while the operations X, Y and Z act on the system with the probability p 5 3. The Kraus operators [41] are
where p 5 is the decoherence rate. After the qubits 1, 3, 5, 7 (2, 4, 6, 8) are transmitted through the depolarizing noisy environment, the density matrix ρ can be rewritten as And the fidelity of the output state can be calculated as
Finally, in the amplitude-damping, phase-damping and phase-flip noisy environment, we can see that the fidelity of the output state depends on the decoherence rate only. However, in the bit-flip and depolarizing noisy environment, the fidelity of the output state depends on the coefficients of the prepared state and the decoherence rate. In order to research the trend of the fidelity of the output state with the change of the decoherence rate, we hypothesize that θ 0 = 3π 2,θ 1 = π 2, Fig. 2 . With the same decoherence rate, in the amplitudedamping, phase-damping and depolarizing noisy environment, the fidelity (F 1 , F 2 , F 5 ) of the output state decreases as the decoherence rate (p 1 = p 2 = p 5 = p) increases. Furthermore, in the bit-flip and phase-flip noisy environment, the fidelity (F 3 , F 4 ) of the output state can reach 1 when p 3 = p 4 = 0 or p 3 = p 4 = 1.
FIGURE 2.
The trend of the fidelity of the output state with the change of the decoherence rate. Here, we assume that θ 0 = 3π/2, θ 1 = π/2, δ 1 = δ 2 = δ 3 =δ 4 = δ 5 = δ 6 = δ 7 = π/2 and p 1 = p 2 = p 3 = p 4 = p 5 = p.
V. DISCUSSIONS AND CONCLUSIONS
In this section, we firstly summarize the necessary operations needed in the scheme. The necessary operations used in constructing the quantum channel are five H operations and eight CNOT operations. And no auxiliary operations are needed. Secondly, the efficiency of the scheme is calculated and the discussions with the other schemes [26] - [29] are given, including the quantum channel used, the number of auxiliary qubits, auxiliary operations, classical communication cost and efficiency. Finally, some conclusions are given.
The efficiency [42] of the schemes can be used for comparing the performance. And it can be calculated as
where q s denotes the number of qubits that consist of the quantum information to be prepared, q u is the number of the qubits that is used as the quantum channel and b t is the classical bits transmitted. In our ACBRSP scheme, the efficiency is η = 4 9+5 = 28.57%. The discussions with the other schemes [26] - [29] are shown in Table. 2. We can get the following results. Firstly, these schemes are asymmetrical. The schemes in Ref. [26] , [27] , [29] are asymmetrical bidirectional remote preparation of an arbitrary single-and two-qubit state. The scheme in Ref. [28] is asymmetrical bidirectional remote preparation of single-and four-qubit state. But in fact, the single-and two-qubit state are transmitted and the receiver recover four-qubit state through two local auxiliary qubits and auxiliary operations. Although the coefficients of the prepared states in their schemes contain complex amplitudes, the coefficients of the prepared states in our scheme are only related to the phase. However, our scheme is asymmetrical bidirectional remote preparation of a single-and three-qubit state. Secondly, the quantum channel used in these schemes are different. Neither of them gave the process of the construction of quantum channel. However, we give the detailed process of the construction of quantum channel by using H operations and CNOT operations. Thirdly, the auxiliary qubits and auxiliary operations are needed in Ref. [27] - [29] to complete the preparation task, while there are no auxiliary qubits and auxiliary operations in our scheme and the scheme in Ref. [26] . Fourthly, the classical communication costs (CCC) of our scheme and the schemes in Ref. [26] are 5 bits, that is, the CCC of our scheme is relatively small. Finally, by calculating efficiency, we can see that the efficiency of our scheme is relatively high. In the future, we hope that our scheme can play a facilitating role in quantum network communication.
The point-to-point quantum communication must be turned to the multi-party quantum network communication. In the classical networks, these have a wide range of research meanings in some network structures [45] - [47] . As regards the quantum networks, the feasibility and construction have been fully verified theoretically [48] . Our scheme do not need the auxiliary resources and have relatively high efficiency, so it can be easily incorporated into the design of quantum network communication.
In conclusion, we present an ACBRSP scheme. In this scheme, Alice (Bob) transmits an arbitrary single-qubit (three-qubit) equatorial state to Bob (Alice) with the control of Charlie. We construct the quantum channel at first. Second, in the noiseless environment, our scheme is presented and the appropriate measurement bases are constructed. Moreover, the receivers can recover the prepared state determinately. Third, in five types of noisy environments (amplitudedamping, phase-damping, bit-flip, phase-flip and depolarizing noisy environment), our scheme is discussed. At last, some discussions are given. Specifically, the transmitted quantum information of our scheme is much more than that in previous schemes; the classical communication cost is smaller; our scheme is more efficient. Thereby, the overall performance of our scheme is better. 
